
Winkelfunktionen
sin(𝑥 + 𝑦) = sin𝑥 cos𝑦 + cos𝑥 sin𝑦
sin(𝑥 − 𝑦) = sin𝑥 cos𝑦 − cos𝑥 sin𝑦
cos(𝑥 + 𝑦) = cos𝑥 cos𝑦 − sin𝑥 sin𝑦
cos(𝑥 − 𝑦) = cos𝑥 cos𝑦 + sin𝑥 sin𝑦

sin(𝑧 ± 𝜋) = − sin 𝑧
cos(𝑧 ± 𝜋) = − cos 𝑧
sin(𝜋/2 − 𝑥) = cos𝑥
cos(𝜋/2 − 𝑥) = sin𝑥

sin(𝑛𝑥)=2 cos𝑥 sin((𝑛−1)𝑥) − sin((𝑛−2)𝑥) sin(−𝑧) = −sin 𝑧
cos(𝑛𝑥)=2 cos𝑥 cos((𝑛−1)𝑥) − cos((𝑛−2)𝑥) cos(−𝑧) = cos 𝑧
cos2 𝑧 + sin2 𝑧 = 1 cosh2 𝑧 − sinh2 𝑧 = 1 cosh(i𝑧) = cos 𝑧
ei𝑧 = cos 𝑧 + i sin 𝑧 e𝑧 = cosh 𝑧 + sinh 𝑧 sinh(i𝑧) = i sin 𝑧
2 cos 𝑧 = ei𝑧 + e−i𝑧 2 cosh 𝑧 = e𝑧 + e−𝑧 cos(i𝑧) = cosh 𝑧
2i sin 𝑧 = ei𝑧 − e−i𝑧 2 sinh 𝑧 = e𝑧 − e−𝑧 sin(i𝑧) = i sinh 𝑧
Reihen

e𝑧 =
∞∑
𝑘=0

𝑧𝑘

𝑘!
e𝑧 = lim

𝑛→∞

(
1 + 𝑧

𝑛

)𝑛
ln 𝑧 = lim

ℎ→0

𝑧ℎ − 1
ℎ

sin 𝑧 =
∑∞

𝑘=0 (−1)𝑘 𝑧2𝑘+1

(2𝑘+1)! sinh 𝑧 =
∑∞

𝑘=0
𝑧2𝑘+1

(2𝑘+1)!
cos 𝑧 =

∑∞
𝑘=0 (−1)𝑘 𝑧2𝑘

(2𝑘)! cosh 𝑧 =
∑∞

𝑘=0
𝑧2𝑘

(2𝑘)!

𝑧

e𝑧 − 1
=

∞∑
𝑘=0
𝐵𝑘
𝑧𝑘

𝑘!
ln(1 − 𝑥) = (−1)

∞∑
𝑘=1

𝑥𝑘

𝑘
(−1≤𝑥<1)

𝑧

1 − e−𝑧
=

∞∑
𝑘=0
𝐵𝑘
𝑧𝑘

𝑘!
(𝑧 + 1)𝑎 =

∞∑
𝑘=0

(
𝑎

𝑘

)
𝑧𝑘 (𝑎 ∈ C, |𝑧 |<1)

1
1 − 𝑧 =

∞∑
𝑘=0
𝑧𝑘

1
(1 − 𝑧)𝑛 =

∞∑
𝑘=0

(
𝑛+𝑘−1
𝑘

)
𝑧𝑘 (|𝑧 |<1)

𝑓 [𝑎] (𝑧) := e(𝑧−𝑎)𝐷 𝑓 (𝑎) =
∞∑
𝑘=0

𝑓 (𝑘) (𝑎)
𝑘!

(𝑧 − 𝑎)𝑘

Differentialrechnung | 𝑥𝑛+1 = 𝑥𝑛 − 𝑓 (𝑥𝑛)/𝑓 ′(𝑥𝑛)

𝑓 ′(𝑥) := lim
ℎ→0

𝑓 (𝑥+ℎ)−𝑓 (𝑥)
ℎ

𝑇 (𝑥) = 𝑓 (𝑥0) + 𝑓 ′(𝑥0) (𝑥 − 𝑥0)
𝑁 (𝑥) = 𝑓 (𝑥0) − 1

𝑓 ′ (𝑥0) (𝑥 − 𝑥0)
(e𝑥 ) ′ = e𝑥 (𝑓 𝑔) ′ = 𝑓 ′𝑔 + 𝑔′𝑓
ln′ 𝑥 = 1/𝑥 (𝑓 /𝑔) ′ = (𝑓 ′𝑔 − 𝑔′𝑓 )/𝑔2
(𝑎𝑥 ) ′ = 𝑎𝑥 ln𝑎 (𝑔 ◦ 𝑓 ) ′ = (𝑔′ ◦ 𝑓 ) 𝑓 ′
(𝑥𝑛) ′ = 𝑛𝑥𝑛−1 (𝑓 −1) ′ = 1/(𝑓 ′ ◦ 𝑓 −1)
sin′ 𝑥 = cos𝑥 tan′ 𝑥 = 1 + tan2 𝑥 = 1/cos2 𝑥
cos′ 𝑥 = − sin𝑥 cot′ 𝑥 = −1 − cot2 𝑥 = −1/sin2 𝑥
sinh′ 𝑥 = cosh𝑥 tanh′ 𝑥 = 1 − tanh2 𝑥 = 1/cosh2 𝑥
cosh′ 𝑥 = sinh𝑥 coth′ 𝑥 = 1 − coth2 𝑥 = −1/sinh2 𝑥
arcsin′ 𝑥 = 1/

√
1 − 𝑥2 arctan′ 𝑥 = 1/(1 + 𝑥2)

arccos′ 𝑥 = −1/
√
1 − 𝑥2 arccot′ 𝑥 = −1/(1 + 𝑥2)

arsinh′ 𝑥 = 1/
√
𝑥2 + 1 artanh′ 𝑥 = 1/(1 − 𝑥2)

arcosh′ 𝑥 = 1/
√
𝑥2 − 1 arcoth′ 𝑥 = 1/(1 − 𝑥2)

Integralrechnung∫ 𝑏

𝑎
𝑓 (𝑥) d𝑥 := lim

𝑛→∞
∑𝑛

𝑘=1 𝑓
(
𝑎 + 𝑘 𝑏−𝑎

𝑛

) 𝑏−𝑎
𝑛 (𝑓 ∈ 𝐶 [𝑎, 𝑏])∫ 𝑏

𝑎
𝑓 ′(𝑥) d𝑥 = [𝑓 (𝑥)]𝑏𝑎 := 𝑓 (𝑏) − 𝑓 (𝑎) (𝑓 ∈ 𝐶1 [𝑎, 𝑏])∫ 𝑏

𝑎
𝑓 (𝑔(𝑥)) 𝑔′(𝑥) d𝑥 =

∫ 𝑔 (𝑏)
𝑔 (𝑎) 𝑓 (𝑢) d𝑢

(
𝑓 ∈𝐶 (𝐼 ,R),

𝑔∈𝐶1 ( [𝑎,𝑏 ],𝐼 )

)∫ 𝑏

𝑎
𝑓 ′(𝑥)𝑔(𝑥) d𝑥 = [𝑓 (𝑥)𝑔(𝑥)]𝑏𝑎 −

∫ 𝑏

𝑎
𝑓 (𝑥)𝑔′(𝑥) d𝑥 (𝑓 , 𝑔 ∈ 𝐶1)

𝑡 = tan( 𝑥2 ), sin𝑥 = 2𝑡
1+𝑡2 , cos𝑥 = 1−𝑡2

1+𝑡2 , d𝑥 = 2d𝑡
1+𝑡2

𝐿{𝑓 (𝑡)} :=
∫ ∞
0 𝑓 (𝑡)e−𝑝𝑡d𝑡 , 𝐹 {𝑓 (𝑡)} := 1√

2𝜋

∫ ∞
−∞ 𝑓 (𝑡)e−i𝜔𝑡d𝑡

d
d𝑥

∫ 𝑏 (𝑥)

𝑎 (𝑥)
𝑓 (𝑥, 𝑡) d𝑡 = 𝑔(𝑥) +

∫ 𝑏 (𝑥)

𝑎 (𝑥)

𝜕

𝜕𝑥
𝑓 (𝑥, 𝑡) d𝑡

wobei 𝑔(𝑥) = 𝑓 (𝑥, 𝑏 (𝑥))𝑏 ′(𝑥) − 𝑓 (𝑥, 𝑎(𝑥))𝑎′(𝑥)

Komplexe Zahlen
𝑧 = 𝑟ei𝜑 = 𝑎 + 𝑏i
𝑧 = 𝑟e−i𝜑 = 𝑎 − 𝑏i
Re 𝑧 = 𝑎 = 𝑟 cos𝜑
Im 𝑧 = 𝑏 = 𝑟 sin𝜑

|𝑧 | = 𝑟 =
√
𝑎2 + 𝑏2

arg(𝑧) = 𝜑 = sgn(𝑏) arccos(𝑎/𝑟 )
𝑧1 + 𝑧2 = (𝑎1 + 𝑎2) + (𝑏1 + 𝑏2)i
𝑧2 − 𝑧2 = (𝑎1 − 𝑎2) + (𝑏1 − 𝑏2)i

𝑧1𝑧2 = 𝑟1𝑟2ei(𝜑1+𝜑2) = (𝑎1𝑎2 − 𝑏1𝑏2) + (𝑎1𝑏2 + 𝑎2𝑏1)i
𝑧1
𝑧2

=
𝑟1
𝑟2
ei(𝜑1−𝜑2) =

𝑎1𝑎2 + 𝑏1𝑏2
𝑎22 + 𝑏22

+ 𝑎2𝑏1 − 𝑎1𝑏2
𝑎22 + 𝑏22

i

1
𝑧
=
1
𝑟
e−i𝜑 =

𝑎

𝑎2 + 𝑏2 − 𝑏

𝑎2 + 𝑏2 i

Algebra
𝑥2 + 𝑝𝑥 + 𝑞 = 0 ⇔ 2𝑥 = −𝑝 ±

√
𝑝2 − 4𝑞

𝑓 (𝑥) = 𝑓 (2𝑎 − 𝑥) (Achsensymmetrie)
𝑓 (𝑥) = 2𝑏 − 𝑓 (2𝑎 − 𝑥) (Punktsymmetrie)

Lineare Algebra | det(𝜆𝐴) = 𝜆𝑛 det(𝐴), det(𝐴−1) = 1
det𝐴

⟨𝐴𝑣,𝑤⟩ = ⟨𝑣, 𝐴𝐻𝑤⟩ (𝐴𝐵)𝐻 = 𝐵𝐻𝐴𝐻

⟨𝑣,𝑤⟩ = |𝑣 | |𝑤 | cos𝜑 (𝐴𝐵)−1 = 𝐵−1𝐴−1

|𝑣 ×𝑤 | = |𝑣 | |𝑤 | sin𝜑 det(𝐴𝐵) = det(𝐴) det(𝐵)
proj[𝑤] (𝑣) = ⟨𝑣,𝑤 ⟩

⟨𝑤,𝑤 ⟩𝑤 , 𝑤𝑘 := 𝑣𝑘 −
∑𝑘−1

𝑖=1 proj[𝑤𝑖 ] (𝑣𝑘 )(
𝑎1
𝑎2
𝑎3

)
×
(
𝑏1
𝑏2
𝑏3

)
=

(
𝑎2𝑏3−𝑎3𝑏2
𝑎3𝑏1−𝑎1𝑏3
𝑎1𝑏2−𝑎2𝑏1

)
(
𝑎 𝑏
𝑐 𝑑

)−1 = 1
𝑎𝑑−𝑏𝑐

(
𝑑 −𝑏
−𝑐 𝑎

)
, 𝑅(𝜑) =

( cos𝜑 − sin𝜑
sin𝜑 cos𝜑

)
Polarkoordinaten
𝑥 = 𝑟 cos𝜑
𝑦 = 𝑟 sin𝜑
𝜑 ∈ (−𝜋, 𝜋]
det 𝐽 = 𝑟
Zylinderkoordinaten
𝑥 = 𝑟𝑥𝑦 cos𝜑
𝑦 = 𝑟𝑥𝑦 sin𝜑
𝑧 = 𝑧
det 𝐽 = 𝑟𝑥𝑦

Kugelkoordinaten
𝑥 = 𝑟 sin𝜃 cos𝜑
𝑦 = 𝑟 sin𝜃 sin𝜑
𝑧 = 𝑟 cos𝜃
𝜑 ∈ (−𝜋, 𝜋], 𝜃 ∈ [0, 𝜋]
det 𝐽 = 𝑟 2 sin𝜃
𝜃 = 𝛽 − 𝜋/2
𝛽 ∈ [−𝜋/2, 𝜋/2]
cos𝜃 = sin 𝛽
sin𝜃 = cos 𝛽

Vektoranalysis
∇(|x|2) = 2x ∇(𝑓 𝑔) = 𝑔∇𝑓 + 𝑓 ∇𝑔
∇|x| = x/|x| ∇⟨𝑓 , 𝑔⟩ = (𝐷𝑓 )𝑇𝑔 + (𝐷𝑔)𝑇 𝑓
∇( 1𝑔 ) = − ∇𝑔

𝑔2
∇(𝑓 /𝑔) = (𝑔∇𝑓 − 𝑓 ∇𝑔)/𝑔2

∇ × ∇𝑓 = 0 ⟨∇, 𝑓 v⟩ = ⟨∇𝑓 , v⟩ + 𝑓 ⟨∇, v⟩
⟨∇,∇ × v⟩ = 0 ∇ × (𝑓 v) = 𝑓 (∇ × v) − v × ∇𝑓
∇ × ∇ × v = ∇⟨∇, v⟩ − Δv
⟨∇, 𝑣 ×𝑤⟩ = ⟨w,∇ × v⟩ − ⟨v,∇ ×w⟩∫
𝛾
𝑓 d𝑠 :=

∫ 𝑏

𝑎
𝑓 (𝑡) |𝛾 ′(𝑡) | d𝑡 ,

∫
𝛾
⟨F, dx⟩ :=

∫ 𝑏

𝑎
⟨F(x(𝑡)), x′(𝑡)⟩ d𝑡∫

𝜑 (𝑈 ) 𝑓 (x) dx =
∫
𝑈
𝑓 (𝜑 (u)) |det𝐷𝜑 (u) | du

Extremwerte
𝑓 (𝑥) = extrem ⇒ 𝑓 ′(𝑥) = 0, 𝑓 (𝑝) = extrem ⇒ d𝑓𝑝 = 0
𝑓 (𝑥,𝑦) = extrem unter 𝑔(𝑥,𝑦) = 0 ⇒ d𝑓 = 𝜆d𝑔

𝐽 [x] :=
∫ 𝑏

𝑎
𝐿(𝑡, x(𝑡), x′(𝑡)) d𝑡 = extrem ⇒ 𝜕𝐿

𝜕𝑥𝑘
=

d
d𝑡

𝜕𝐿

𝜕𝑥 ′
𝑘

Interpolation
Linear: 𝑝 (𝑥) = 𝑦1 +

𝑦2 − 𝑦1
𝑥2 − 𝑥1

(𝑥 − 𝑥1)
Quadratisch: 𝑝 (𝑥) = 𝑦0 + 𝑎1 (𝑥 − 𝑥0) + 𝑎2 (𝑥 − 𝑥0)(𝑥 − 𝑥1)
𝑎1 =

𝑦1 − 𝑦0
𝑥1 − 𝑥0

, 𝑎2 =
1

𝑥2 − 𝑥1

(𝑦2 − 𝑦0
𝑥2 − 𝑥0

− 𝑎1
)

Regression

𝑦 = 𝑦 +
𝑠𝑥𝑦

𝑠𝑥𝑥
(𝑥−𝑥), 𝑠𝑥𝑥 =

𝑛∑
𝑘=1

(𝑥𝑘−𝑥)2, 𝑠𝑥𝑦 =
𝑛∑

𝑘=1
(𝑥𝑘−𝑥) (𝑦𝑘−𝑦)



Logik

𝐴 𝐵 𝐴 ∧ 𝐵 𝐴 ∨ 𝐵 𝐴 → 𝐵 𝐴 ↔ 𝐵 𝐴 ⊕ 𝐵 𝐴 ↑ 𝐵
0 0 0 0 1 1 0 1
0 1 0 1 1 0 1 1
1 0 0 1 0 0 1 1
1 1 1 1 1 1 0 0

Disjunktion Konjunktion Bezeichnung

𝐴 ∨𝐴 ≡ 𝐴 𝐴 ∧𝐴 ≡ 𝐴 Idempotenzgesetze
𝐴 ∨ 0 ≡ 𝐴 𝐴 ∧ 1 ≡ 𝐴 Neutralitätsgesetze
𝐴 ∨ 1 ≡ 1 𝐴 ∧ 0 ≡ 0 Extremalgesetze
𝐴 ∨𝐴 ≡ 1 𝐴 ∧𝐴 ≡ 0 Komplementärgesetze

𝐴 ∨ 𝐵 ≡ 𝐵 ∨𝐴 𝐴 ∧ 𝐵 ≡ 𝐵 ∧𝐴 Kommutativgesetze
(𝐴∨𝐵)∨𝐶 ≡ 𝐴∨(𝐵∨𝐶) (𝐴∧𝐵)∧𝐶 ≡ 𝐴∧(𝐵∧𝐶) Assoziativgesetze

𝐴 ∨ 𝐵 ≡ 𝐴 ∧ 𝐵 𝐴 ∧ 𝐵 ≡ 𝐴 ∨ 𝐵 De morgansche Regeln
𝐴 ∨ (𝐴 ∧ 𝐵) ≡ 𝐴 𝐴 ∧ (𝐴 ∨ 𝐵) ≡ 𝐴 Absorptionsgesetze

(𝐴 → 𝐵) ≡ 𝐴 ∨ 𝐵
(𝐴 → 𝐵) ≡ (𝐵 → 𝐴)

(𝐴 ↔ 𝐵) ≡ (𝐴 → 𝐵) ∧ (𝐵 → 𝐴)
(𝐴 ↔ 𝐵) ≡ (𝐴 ∨ 𝐵) ∧ (𝐵 ∨𝐴)

𝐴 ∨ ∀𝑥𝑃𝑥 ≡ ∀𝑥 (𝐴 ∨ 𝑃𝑥 ) ∀𝑥 (𝑃𝑥 ∧𝑄𝑥 ) ≡ ∀𝑥𝑃𝑥 ∧ ∀𝑥𝑄𝑥

𝐴 ∧ ∃𝑥𝑃𝑥 ≡ ∃𝑥 (𝐴 ∧ 𝑃𝑥 ) ∃𝑥 (𝑃𝑥 ∨𝑄𝑥 ) ≡ ∃𝑥𝑃𝑥 ∨ ∃𝑥𝑄𝑥

(𝐼 |= 𝑀) :⇔ ∀𝜑∈𝑀 : 𝐼 (𝜑)
(|= 𝜑) :⇔ ∀𝐼 : 𝐼 (𝜑) (𝑀 |= 𝜑) :⇔ ∀𝐼 : ((𝐼 |= 𝑀) ⇒ 𝐼 (𝜑))
erf (𝜑) :⇔ ∃𝐼 : 𝐼 (𝜑) erf (𝑀) :⇔ ∃𝐼 : (𝐼 |= 𝑀)
erf ({𝜑1, . . . , 𝜑𝑛}) ⇔ erf (𝜑1 ∧ . . . ∧ 𝜑𝑛)
erf (𝜑1 ∨ . . . ∨ 𝜑𝑛) ⇔ erf (𝜑1) ∨ . . . ∨ erf (𝜑𝑛)
(𝑀 ⊢ 𝜑) ⇒ (𝑀 |= 𝜑) (Korrektheit)
(𝑀 |= 𝜑) ⇒ (𝑀 ⊢ 𝜑) (Vollständigkeit)
(𝑀 ∪ {𝜑} ⊢ 𝜓 ) ⇔ (𝑀 ⊢ 𝜑 → 𝜓 )
(𝑀 ∪ {𝜑} |= 𝜓 ) ⇔ (𝑀 |= 𝜑 → 𝜓 )
(𝑀 |= 𝜑1) ∧ (𝑀 |= 𝜑2) ∧ ({𝜑1, 𝜑2} |= 𝜓 ) ⇒ (𝑀 |= 𝜓 )

Natürliches Schließen
Γ ⊢ 𝐴 ∧ 𝐵
Γ ⊢ 𝐴

Γ ⊢ 𝐴
Γ ⊢ 𝐴 ∨ 𝐵

Γ ⊢ 𝐴 Γ ⊢ 𝐵
Γ ⊢ 𝐴 ∧ 𝐵 Γ, 𝐴 ⊢ 𝐴 Γ ⊢ ⊤

Γ, 𝐴 ⊢ 𝐵
Γ ⊢ 𝐴 → 𝐵

Γ ⊢ 𝐴 ∨ 𝐵 Γ, 𝐴 ⊢ 𝐶 Γ, 𝐵 ⊢ 𝐶
Γ ⊢ 𝐶

Γ, 𝐴 ⊢ ⊥
Γ ⊢ ¬𝐴

Γ ⊢ 𝐴 → 𝐵 Γ ⊢ 𝐴
Γ ⊢ 𝐵

Γ ⊢ ¬𝐴 Γ ⊢ 𝐴
Γ ⊢ ⊥

Γ ⊢ ⊥
Γ ⊢ 𝐴

(
Γ ⊢ ¬¬𝐴
Γ ⊢ 𝐴

)
Γ ⊢ 𝐴

Γ ⊢ ∀𝑥 : 𝐴 (𝑥 ∉ FV(Γ)) Γ ⊢ ∀𝑥 : 𝐴
Γ ⊢ 𝐴[𝑥 := 𝑡]

Γ ⊢ 𝐴
Γ, Γ′ ⊢ 𝐴

Γ ⊢ 𝐴[𝑥 := 𝑡]
Γ ⊢ ∃𝑥 : 𝐴

Γ ⊢ ∃𝑥 : 𝐴 Γ, 𝐴 ⊢ 𝐵
Γ ⊢ 𝐵 (𝑥 ∉ FV(Γ, 𝐵))

Mengenlehre
𝐴 ∩ 𝐵 := {𝑥 | 𝑥 ∈ 𝐴 ∧ 𝑥 ∈ 𝐵}
𝐴 ∪ 𝐵 := {𝑥 | 𝑥 ∈ 𝐴 ∨ 𝑥 ∈ 𝐵}
𝐴 \ 𝐵 := {𝑥 | 𝑥 ∈ 𝐴 ∧ 𝑥 ∉ 𝐵}∩

𝑖∈𝐼 𝐴𝑖 := {𝑥 | ∀𝑖∈𝐼 : 𝑥∈𝐴𝑖 }∪
𝑖∈𝐼 𝐴𝑖 := {𝑥 | ∃𝑖∈𝐼 : 𝑥∈𝐴𝑖 }

𝐴 ⊆ 𝐵 :⇔ ∀𝑥 (𝑥 ∈ 𝐴 ⇒ 𝑥 ∈ 𝐵)
𝐴 = 𝐵 :⇔ ∀𝑥 (𝑥 ∈ 𝐴 ⇔ 𝑥 ∈ 𝐵)
𝐴 = 𝐵 :⇔ 𝐴 ⊆ 𝐵 ∧ 𝐵 ⊆ 𝐴
𝑓 (𝐴) := {𝑦 | ∃𝑥∈𝐴 : 𝑦=𝑓 (𝑥)}
𝑓 −1 (𝐵) := {𝑥 | 𝑓 (𝑥) ∈ 𝐵}

𝐴 × 𝐵 := {𝑡 | ∃𝑥∈𝐴 : ∃𝑦∈𝐵 : 𝑡 = (𝑥,𝑦)}
𝐴 ⊆ 𝐵 ⇔ 𝐴 ∪ 𝐵 = 𝐵 ⇔ 𝐴 ∩ 𝐵 = 𝐴 ⇔ 𝐴 \ 𝐵 = ∅
𝑓 (𝐴 ∪ 𝐵) = 𝑓 (𝐴) ∪ 𝑓 (𝐵) 𝑓 −1 (𝐴 ∪ 𝐵) = 𝑓 −1 (𝐴) ∪ 𝑓 −1 (𝐵)
𝑓 (𝐴 ∩ 𝐵) ⊆ 𝑓 (𝐴) ∩ 𝑓 (𝐵) 𝑓 −1 (𝐴 ∩ 𝐵) = 𝑓 −1 (𝐴) ∩ 𝑓 −1 (𝐵)
𝐴 ⊆ 𝐵 ⇒ 𝑓 (𝐴) ⊆ 𝑓 (𝐵) 𝐴 ⊆ 𝐵 ⇒ 𝑓 −1 (𝐴) ⊆ 𝑓 −1 (𝐵)
(𝑔 ◦ 𝑓 ) (𝐴) = 𝑔(𝑓 (𝐴)) (𝑔 ◦ 𝑓 )−1 (𝐵) = 𝑓 −1 (𝑔−1 (𝐵))
𝐴 ⊆ 𝑓 −1 (𝑓 (𝐴)) 𝑓 (𝑓 −1 (𝐵)) ⊆ 𝐵
𝑓 inj. ⇔ 𝐴 = 𝑓 −1 (𝑓 (𝐴)) 𝑓 sur. ⇔ 𝐵 = 𝑓 (𝑓 −1 (𝐵))

Kombinatorik
𝑛−1∑
𝑘=𝑚

𝑞𝑘 =
𝑞𝑛 − 𝑞𝑚
𝑞 − 1

,
𝑛−1∑
𝑘=𝑚

𝑘𝑝𝑞𝑘 =
(
𝑞
d
d𝑞

)𝑝 𝑞𝑛 − 𝑞𝑚
𝑞 − 1∑𝑛

𝑘=1 𝑘 = (𝑛/2) (𝑛 + 1) ∑𝑛−1
𝑘=𝑚 (Δ𝑎)𝑘 = 𝑎𝑛 − 𝑎𝑚∑𝑛

𝑘=1 𝑘
2 = (𝑛/6) (𝑛 + 1) (2𝑛 + 1) (Δ𝑎)𝑘 := 𝑎𝑘+1 − 𝑎𝑘∑𝑛

𝑘=1 𝑘
3 = (𝑛/2)2 (𝑛 + 1)2 𝑛! = 𝑛 · (𝑛 − 1)!

(𝑎 + 𝑏)𝑛 =
𝑛∑

𝑘=0

(
𝑛

𝑘

)
𝑎𝑛−𝑘𝑏𝑘 ,

(
𝑛

𝑘

)
:=

1
𝑘!
𝑛𝑘 =

𝑛!
𝑘!(𝑛 − 𝑘)!

𝑛! = Γ(𝑛 + 1), Γ(𝑧 + 1) = 𝑧Γ(𝑧), Γ(𝑧)Γ(1 − 𝑧) = 𝜋
sin(𝜋𝑧)(𝑛+1

𝑘+1
)
=
(𝑛
𝑘

)
+
(𝑛+1
𝑘

)
,

(𝑛
𝑘

)
=
( 𝑛
𝑛−𝑘

)
,

(𝑛
0
)
=
(𝑛
𝑛

)
= 1

𝑛! ≈
√
2𝜋𝑛 𝑛𝑛 exp

( 1
12𝑛 − 𝑛

)
≈
√
2𝜋𝑛 (𝑛/𝑒)𝑛

(𝑎𝑘 ) ∗ (𝑏𝑘 ) = (∑𝑘
𝑖=0 𝑎𝑖𝑏𝑘−𝑖 ) = (∑𝑘

𝑖=0
∑𝑘

𝑗=0 𝑎𝑖𝑏 𝑗 [𝑘=𝑖+ 𝑗])
𝑦 = ⌊𝑥⌋ ⇔ 𝑦 ∈ Z ∧ 0 ≤ 𝑥 − 𝑦 < 1
𝑦 = ⌈𝑥⌉ ⇔ 𝑦 ∈ Z ∧ 0 ≤ 𝑦 − 𝑥 < 1
⌊𝑥⌋ = max{𝑘 ∈ Z | 𝑘 ≤ 𝑥} = min {𝑘 ∈ Z | 𝑥 < 𝑘 + 1}
⌈𝑥⌉ = min {𝑘 ∈ Z | 𝑥 ≤ 𝑘} = max{𝑘 ∈ Z | 𝑘 − 1 < 𝑥}
𝑦 = max𝑀 :⇔ 𝑦 ∈ 𝑀 ∧ ∀𝑘 ∈ 𝑀 : 𝑘 ≤ 𝑦
𝑦 = min𝑀 :⇔ 𝑦 ∈ 𝑀 ∧ ∀𝑘 ∈ 𝑀 : 𝑦 ≤ 𝑘
Twelvefold way. Fächer: 𝑛 := |𝑁 |, Karten: 𝑘 := |𝐾 |

𝑓 : 𝐾→𝑁 𝑓 ∈ Inj(𝐾, 𝑁 ) 𝑓 ∈ Sur(𝐾, 𝑁 )
𝑓 𝑛𝑘 𝑛𝑘 𝑛!

{
𝑘
𝑛

}
𝑓 ◦ 𝑆𝑘

(𝑛+𝑘−1
𝑘

) (𝑛
𝑘

) (𝑘−1
𝑘−𝑛

)
𝑆𝑛 ◦ 𝑓 ∑𝑛

𝑖=0
{
𝑘
𝑖

}
[𝑘 ≤ 𝑛]

{
𝑘
𝑛

}
𝑆𝑛 ◦ 𝑓 ◦ 𝑆𝑘 𝑝𝑛 (𝑛 + 𝑘) [𝑘 ≤ 𝑛] 𝑝𝑛 (𝑘)
𝑆𝑘 : Karten nicht unterscheidbar Inj: max. 1 Karte pro Fach
𝑆𝑛 : Fächer nicht unterscheidbar Sur: mind. 1 Karte pro Fach{𝑛
𝑘

}
= 𝑘

{
𝑛−1
𝑘

}
+
{
𝑛−1
𝑘−1

} {
𝑛
0
}
=
[
𝑛
0
]
= [𝑛=0][𝑛

𝑘

]
= (𝑛 − 1)

[
𝑛−1
𝑘

]
+
[
𝑛−1
𝑘−1

] {
𝑛
1
}
= [𝑛>0]

𝑥𝑛 =
∑𝑛

𝑘=0
{𝑛
𝑘

}
𝑥𝑘

{
𝑛
2
}
= (2𝑛−1 − 1) [𝑛>0]

Wahrscheinlichkeitsrechnung
𝑃 (𝐴 ∪ 𝐵) = 𝑃 (𝐴) + 𝑃 (𝐵) − 𝑃 (𝐴 ∩ 𝐵)
𝑃 (𝐴 ∩ 𝐵) = 𝑃 (𝐴)𝑃 (𝐵 | 𝐴)
𝐴 unabhängig zu 𝐵 :⇔ 𝑃 (𝐴 ∩ 𝐵) = 𝑃 (𝐴)𝑃 (𝐵)
𝑃 (𝐴) = ∑𝑛

𝑘=1 𝑃 (𝐴 | 𝐵𝑘 )𝑃 (𝐵𝑘 ) für Zerlegung (𝐵𝑘 ) von Ω

𝑃 (𝐴) =
∫ ∞
−∞ 𝑃 (𝐴 | 𝑋 = 𝑥) d𝐹𝑋 (𝑥)

𝑃 (𝑔(𝑋 ) = 𝑦) = ∑
𝑥 ∈𝑔−1 ( {𝑦 }) 𝑃 (𝑋 = 𝑥)

𝑃 (𝑔(𝑋,𝑌 ) = 𝑧) = ∑
(𝑥,𝑦) ∈𝑔−1 ( {𝑧 }) 𝑃 (𝑋 = 𝑥,𝑌 = 𝑦)

𝐸 (𝑋 ) = ∑
𝜔 ∈Ω 𝑋 (𝜔)𝑃 ({𝜔}) = ∑

𝑥 𝑥𝑃 (𝑋 = 𝑥)
𝐸 (𝑔(𝑋 )) = ∑

𝜔 ∈Ω 𝑔(𝑋 (𝜔))𝑃 ({𝜔}) = ∑
𝑥 𝑔(𝑥)𝑃 (𝑋 = 𝑥)

𝐸 (𝑔(𝑋,𝑌 ) = ∑
(𝑥,𝑦) 𝑔(𝑥,𝑦)𝑃 (𝑋 = 𝑥,𝑌 = 𝑦)

𝐸 (𝑋 ) =
∫ ∞
−∞ 𝑥 𝑓 (𝑥) d𝑥 =

∫ ∞
0 (1 − 𝐹 (𝑥)) d𝑥 −

∫ 0
−∞ 𝐹 (𝑥) d𝑥

𝐸 (𝑔(𝑋 )) =
∫ ∞
−∞ 𝑔(𝑥) 𝑓 (𝑥) d𝑥 𝑃 (𝐴) = 𝐸 (1𝐴)

𝐸 (𝑋 | 𝐴) = 𝐸 (1𝐴𝑋 )/𝑃 (𝐴) 𝑃 (𝐴 | 𝐵) = 𝐸 (1𝐴 | 𝐵)
𝑃 (𝑋 ≤ 𝑥) = 𝐹 (𝑥) =

∫ 𝑥

−∞ 𝑓 (𝑡) d𝑡
𝑃 (𝑎 ≤ 𝑋 ≤ 𝑏) = 𝐹 (𝑏) − 𝐹 (𝑎) =

∫ 𝑏

𝑎
𝑓 (𝑡) d𝑡

Normalverteilung
Φ(𝑥) = 1√

2𝜋

∫ 𝑥

−∞ e−𝑡2/2 d𝑡 = 1
2 +

1
2 erf (

𝑥√
2
)

𝐹 (𝑥) = Φ( 𝑥−𝜇𝜎 )



Mechanik
v = x′(𝑡) 𝜔 = 𝜑 ′(𝑡)
a = v′(𝑡) 𝛼 = 𝜔 ′(𝑡)
F = p′(𝑡) M = L′(𝑡)
p =𝑚v 𝐿 = 𝐽𝜔
F =𝑚a 𝑀 = 𝐽𝛼
𝑃 = ⟨F, v⟩ 𝑃 = ⟨M,𝝎⟩
𝐸kin = 1

2𝑚 |v|2 𝐸rot = 1
2 𝐽𝜔

2

𝑠 = 𝜑𝑟 M = r × F 𝐸pot =𝑚𝑔ℎ
𝑣 = 𝜔𝑟 L = r × p 𝐸kin + 𝐸pot = const.
𝑎 = 𝛼𝑟 v = 𝝎 × r 𝐹 = 𝐷𝑠 (Feder)
Gleichstrom
𝑈 = 𝑅𝐼 𝑄 = 𝐼𝑡 𝐺𝑅 = 1
𝐼 = 𝐺𝑈 𝑊 = 𝑃 𝑡
𝑃 = 𝑈 𝐼 𝑊 = 𝑄𝑈

Wechselstrom
𝑈 = 𝑍𝐼 𝑍 = 𝑅 + 𝑗𝑋 𝑍 2 = 𝑅2 + 𝑋 2

𝐼 = 𝑌𝑈 𝑌 = 𝐺 + 𝑗𝑄 𝑅 = 𝑍 cos𝜑
𝑆 = 𝑈 𝐼 𝑆 = 𝑃 + 𝑗𝐵 𝑋 = 𝑍 sin𝜑

𝑍 = 𝑅 Widerstand 𝜔 = 2𝜋 𝑓
𝑍 = 𝑗𝑋𝐶 Kondensator 𝑋𝐶 = −1/(𝜔𝐶)
𝑍 = 𝑗𝑋𝐿 Spule 𝑋𝐿 = 𝜔𝐿

𝑢𝑠 =
√
2𝑈eff 𝑢 = 𝑢𝑠 sin(𝜔𝑡 + 𝜑0)

𝑖𝑠 =
√
2 𝐼eff 𝑖 = 𝑖𝑠 sin(𝜔𝑡 + 𝜑0)

Allgemeine Gleichungen
𝑢 = 𝑅𝑖 𝑝 = 𝑢𝑖
𝑖 = 𝐶𝑢 ′(𝑡)
𝑢 = 𝐿𝑖 ′(𝑡)
Elektrostatisches Feld

𝐹 =
1

4𝜋𝜀
𝑄1𝑄2

𝑟 2
F1 =

1
4𝜋𝜀

𝑄1𝑄2
x1 − x2
|x1 − x2 |3

F = 𝑞E 𝑄 = 𝐶𝑈 𝑈 = 𝜑 (𝐵) − 𝜑 (𝐴)
D = 𝜀E 𝜀 = 𝜀0𝜀𝑟 𝑊 = 𝑄𝑈
E = −∇𝜑
𝜀0𝐸

2 = 2𝑤𝑒

Plattenkondensator
𝑈 = 𝐸𝑑 𝐶 = 𝜀𝐴/𝑑
Homogenes Feld in der Spule
𝐻 𝑙 = 𝑁𝐼 𝐵𝑙 = 𝜇𝑁𝐼 Θ = 𝑁𝐼

Magnetostatisches Feld
F = 𝑞v × B Φ = 𝐵𝐴
𝐹 = 𝑞𝑣𝐵 B = 𝜇H
𝐹 = 𝐵𝐼𝑙 𝜇 = 𝜇0𝜇𝑟
𝐻 = 𝐼/(2𝜋𝑟 ) (Feld um einen geraden Leiter)
𝐵2 = 2𝜇0𝑤𝑚

Elektrodynamik
E = −∇𝜑
𝜀Δ𝜑 = −𝜌 (𝑥)
𝜀0𝐸

2 = 2𝑤𝑒

𝐵2 = 2𝜇0𝑤𝑚

Maxwell-Gleichungen
⟨∇,D⟩ = 𝜌 𝑓 (𝑥) ⟨∇, 𝜀0E⟩ = 𝜌 (𝑥)
⟨∇,B⟩ = 0 ⟨∇,B⟩ = 0
∇ × E = −𝜕𝑡B ∇ × E = −𝜕𝑡B
∇ × H = J𝑓 + 𝜕𝑡D ∇ × B = 𝜇0 (J + 𝜀0𝜕𝑡E)
Spezielle Relativitätstheorie

𝛾 =
1√

1 − 𝛽2
, 𝛽 = 𝑣/𝑐

𝛾 = cosh𝜑, 𝛽𝛾 = sinh𝜑, 𝛽 = tanh𝜑
𝑐𝑡 ′ = 𝛾 (𝑐𝑡 − 𝛽𝑥), 𝑥 ′ = 𝛾 (𝑥 − 𝑣𝑡), (𝑦, 𝑧) ′ = (𝑦, 𝑧)
𝑡 = 𝛾𝜏 𝐸kin = 𝐸 − 𝐸0
𝑝 = 𝛾𝑚𝑣 𝐸kin = 𝛾𝑚𝑐2 −𝑚𝑐2
𝐸 = 𝛾𝑚𝑐2 𝐸2 = (𝑝𝑐)2 + (𝑚𝑐2)2

Λ𝑣 =


𝛾 −𝛽𝛾 0 0

−𝛽𝛾 𝛾 0 0
0 0 1 0
0 0 0 1


𝑔 = diag(1,−1,−1,−1)
(𝜕𝜇) = (𝜕𝑐𝑡 , 𝜕𝑥 , 𝜕𝑦, 𝜕𝑧)
(𝜕𝜇) = (𝜕𝑐𝑡 ,−𝜕𝑥 ,−𝜕𝑦,−𝜕𝑧)
Optik
1
𝑓
=
1
𝑔
+ 1
𝑏
, 𝐴 =

𝐵

𝐺
=
𝑏

𝑔
𝑛1 sin(𝜑1) = 𝑛2 sin(𝜑2)
𝑐0 = 𝑛𝑐

Thermodynamik
𝑅 = 𝑁𝐴𝑘𝐵 𝑚 = 𝑛𝑀 𝑉 = 𝑛𝑉𝑚
𝑅 = 𝑅𝑠𝑀 𝑚 = 𝑁𝑚𝑇 𝑁 = 𝑛𝑁𝐴
𝑝𝑉 = 𝑛𝑅𝑇
𝑝1𝑉1
𝑇1

=
𝑝2𝑉2
𝑇2

𝑄 =𝑚𝑐Δ𝑇

Konstanten
𝜀0 = 8.8542 × 10−12 C/(Vm)
𝜇0 = 4𝜋 × 10−7 H/m
𝑐0 = 2.9979 × 108 m/s
𝑒 = 1.6022 × 10−19 C
𝐺 = 6.674 × 10−11 m3/(kg s2)
𝑁𝐴 = 6.0221 × 1023 mol−1

𝑘𝐵 = 1.3806 × 10−23 J/K
𝑅 = 8.3145 J/(mol K)
0 K = −273.15 ◦C
𝑢 = 1.6605 × 10−27 kg
ℎ = 6.6261 × 10−34 Js
ℏ = 1.0546 × 10−34 Js
𝜎 = 5.6704 × 10−8 W/(m2K4)
𝑚𝑒 = 9.1094 × 10−31 kg
𝑚𝑝 = 1.6726 × 10−27 kg
𝑚𝑛 = 1.6749 × 10−27 kg
𝑚𝛼 = 6.6447 × 10−27 kg


